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Abstract

A relation over free monoid is conjugate if every pair in the relation is conjugate, or cyclic shift of each other. We show that checking whether a rational relation is conjugate is decidable.

When is a pair of words conjugate?

Two words u and v are conjugate if there exists words z, y such that v = xy and v = yx.

[1sten was
enlist saw
Conjugate Not Conjugate

Another characterization given by Lyndon and Schutzenberger in 1962 is two words are
conjugate it and only if there exists a word z such that uz = zv. Moreover,

z € (zy)*r where u = zy and v = yx

When is a Kleene closure of a set conjugate?

A set of pairs G has a common witness z if either
V(u,v) € G,uz = zv or Y(u,v) € G, zu = vz
Theorem 1 Let G be an arbitrary set of conjugate pairs of words. The following are
equivalent.
1.G* 1s conjugate.
2.G* has a common witness z.

3.G has a common witness z.

4. Roots of G has a common witness z.
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Conjugate Not Conjugate
a 1s a common witness No common witness

When is a sumfree set conjugate?

A sumfree set M is an expression that does not use union (+) in the top level, i.e,
M = (UQ, Uo)Gl*(ul, U1)G§ S Gk*(uk, Uk), k>0
where G1, G, . .., (G, are arbitrary sets of pairs.

Theorem 2 Let M be a sumfree set of the form (ug, vo)G*(u1,v1). The following are
equivalent.

1. M 1s conjugate.
2. G U {(ujug, vivg)} has a common witness z.

3. M has a common witness z,, which s obtained by word equation involving
<, Up, U1, Vo, U1.

’ 1e ab has a common witness b = ugzv; * = baa™
a ca bb
ac abb .
: has a common witness z = a

Theorem 3 Let M be a sumfree set. The following are equivalent.

1. M 1s conjugate.

2. Each singleton redux of M (where all but one Kleene star is substituted with (¢, €))
has a common witness z.

3. M has a common witness z.
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which lies in the intersection of the common witnesses of the singleton reduces
b ac\ " (ab 1 (bab\ [ (bab " (e
a ca ) ab bab b
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Algorithm

1. Every rational relation can be expressed as a rational expression (FE') over pairs of words.
((a,aa) + (b, b))" represents {(u,v) | v is obtained from u by duplicating a’s}.
2. 'The union operation preserves conjugacy while, product and Kleene star do not.
= (1) = (o)
Ey + E, is conjugate, while E; - Fsy as well as (E; + E»)* are not.

3. Every rational expression is equivalent to a sum of sumfree expressions £ = e; + e9 +
.-+ 4+ e, k > 1 where each ¢; is a sumiree expression.

B+ E, = (e - -f)+(g+---+h)
E = (e- - ) =" f)
El‘EZE(G‘ _f).(g_|_..._|_h)E@.g_|_..._|_f.h

(Exponential blow up both in number of summands and size of individual summands)

4. FE/ is conjugate if each sumfree expressions are conjugate.
5. Check the conjugacy of each sumiree expression.

(a) Each sumfree expression is of the form (ug, vo)ej(uy, v1)es - - - ex(ug, v), k > 0
(b) A sumfree expression is conjugate iff it has a common witness.

6. Computing a witness of a given sumiree expression, if one exists, can be done in polyno-
mial time. However, converting a rational expression into a sum of sumfree expressions
may result in an exponential blow-up. Thus, the algorithm is of exponential time.

Common Witness Computation

Given a sumiree expression M, we compute its witness set bottom up.
1. Start from the innermost Kleene star — check conjugacy of a pair of word

2. Given the witness set of each Kleene star in M, we can compute the witness set of M
in time O(m - (m + n)?) where m is the size of the expression and n is the maximum

size among the given witnesses.
3. M is not conjugate if there is no common witness at any level of Kleene star.

Complexity: The length of a witness of a sumifree expression is bounded by the length of
the expression. Thus, the common witnesses of a sumfree expression can be computed in
O(h-m?) where h is a star height of the expression and m is the length of the expression.

Applications

Below properties of word transducers amounts to checking conjugacy of rational relations
1. sequentiality — can the given transducer be determinised? (Choffrut 1977)

2. finite sequentiality — is the given transducer equivalent to a disjoint union of determin-
istic transducers? (Choffrut-Schutzenberger 1986, Jecker-Filiot 2018)

3. bounded edit-distance — is the edit-distance between the respective outputs of the given
tranducers bounded? (Aiswarya-Manuel-S. 2024)

)
Future Work

1. Existence of an automata-theoretic proof.
2. It remains to find the precise complexity of this problem.

3. Conjugacy problem of more general classes — regular functions, polyregular functions.

4. Conjugacy problem over free groups.
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